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=17 (Monty Hall Problem)



http://www.nytimes.com/2008/04/08/science/08monty.html
http://www.nytimes.com/2008/04/08/science/08monty.html
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=17 (Monty Hall Problem)

o BRARIEESIN—NNH 2K
o WRWERIE=FIIEE R, Hhh— RS EE
Ze, A B TN L 2
o PRIEFET I,
« RIGHEITEHAHAMERN, FRTH—H/EH

AILFERIT.
o fBIRJERIR:  CORAE AR R T B R OR IR AN
DQ;() 99

o S BAREFEXTARR YA A ?




IRAE=T TPk — . PRIEAEET TN A H 4
FRHANHERRTTEEHET 4

FFRENDIIE R A —kET, I HS s iR ]

L2

FRNKLE = — A LR,

o MRS T B LRI, R B L.
o MRS HEPT —REIEN T, EREABHL GRRSA) 1E
YN T IREEE = o HIEACINN

PRSP 0] 2 B PR TR R, b 2136 A& ] .
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B3 RIS AT

o P
175 € M4 22 1] (Find the sample space)

E X AHRZE A (Define events of interests)

i € 25 AR (Determine outcome probabilities)
T HEEMEZ (Compute event probabilities)

1.
2.
3.
4.
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ﬁ?‘ﬁ% ﬁﬁﬂ%ﬁ@ﬁﬂ

o WE: MR AERISE R PR — AN g5 R AR
o RGN E “ER7 R TR R R
Pk $em S . XH

SHEm s EAENNTE?

0 RIZR = AR ARIERTEEANTT?

DRER = EREAFT AT

o REARZSIE]: AT AL S0

pi
O




ZEAE R
MjE

AR/ =Bu
AN

ERFA
i

¥
45 R

fo (AAB)
(4,4,C)
(A,B.C)
(A.C,B)
(B,A,C) ﬁz
(B,B.A) %
(B.B.O) H_j
(B.C,A) e
(C,A,B)
(C,B.,A)
(C.C.A)
(C,C,B) -
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BT KR

plLiy

|

o« Bk BRSNS
o N
SEFCITE: {(C, A B),(C,B,A),(C,C,A),(C,C, B)}

& R e A GIN]
{(A, A B), (A AC),(B,B,A),(B,B,C),(C,C,A),(C,C,B)}

0 AR IR TR DL
{(A,B,C), (A, C,B), (B,A,C), (B, C,A), (C A B)(C,B, A}

606, AP A A ? x




RRESRE

B=F: RRGEBE

. B 12 (A,A4,B) 1/18
N1 /NS — 27 A 1/3 18
P %:[ BE7] jZ]_E% /—\E?I‘Eji 1 C 172 (A4,4,0)
¢ 1 (A,B,C) 1/9
A 1/3 C 1/3 B 1 (A.C.B) 1/9
(B,A,C) 1/9
B 1/3 (B,B,A) 1/18
N D= + FH 27 (B.B.C) 1/18
* 1+ﬁ%én7<*%’ :
1/9
Pr[(4,B,B)] (B.C.A) 1/
1 11 1 C 13 A 1)3 (C,A,B) 1/9
— — e — = — 41
(C.B.4) 1/9
3 3 2 18 T
A 172 (C.C.4) 1/18
C 1/3

B 12 (C,C,B) 1/18
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BT TRBEABR

Pr[c 28 156 311 Awi]
= Pr|(4,B,C)] 4+ Pr|(4,C,B)] +
Pr[(B,A,C)]| + Pr[(B,C,A)] +

Pr[(C,4,B)] + Pr[(C, B, 4).
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BRZEE: ZTESREBRULFEEX

o B PERERZER S TS .
S MEAILE 0 RN EER.

. E)( WAL DA RS Pr: S » R BROAFEAR
S B — N HER R
d a)ES PI‘[ ] =0, E
2 Y,es Prlw] = 1.

« U SHATHRE SMﬁQA”WO
0 B E BFIMEER Pr[E] -




REENEE

ETRSBHRMRTH

-mﬁl-mE%ﬁﬁéﬁsm%~4?#,
F0FE (I E RN %,
Prl[E| =1 — Pr[E]

e €M 2. W E; M E, etEAS R S P S
ft, B4
PI‘[El U Ez] — PI‘[El] + Pr[Ez] — PI‘[El N Ez]




® %K ¥ B R

ETRSBHRMRTH

o 5. MAHEIT 1000 IEEEEH FENLIE — 1, B Re# 2
B 5L R 1 552

o WE R A B2 R

T

BRI Z

EHE

A

El‘/f,‘—[: I)_”JE]_ ﬂ EZ

L, Ey ik —
§ELJ—4/\ﬁ£10§&

Pr[E, UE,] = Pr[E,] + Pr[E,] — Pr[E; N E,]

50 20 10

100 = 100 100

5
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il

o N RIXSE N n A Tn R RIS E.
1514345 (uniform distribution) 45 s W4
ANEER 1N L.

Sl X THISIEET Pr[H] = Pr{T] = 2

2

DG, AP PrX] ==, X=1-6

o P51 AT T SFAF MR AT IR H A G
R HORTS
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FAMER

© € N: WEMFZ5M4,HPr[F] > 0. EfE45 €
Fo6E S BIMER, ie/EPr[E | F, € XN

Pr(E N F)
Pr|F]

Pr(E | F] ::=
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FAMER

o . ERDEHNBZRIFLET AW NEZ TR
RE 1EUT Y2 5 I A R 21 1 BB, BG, GB,
MGG FER .

e fih: RERFEEAMNNTEZIF FERER/DH
— MNMREWEM. RATEE = {BB}, F = {BB,
BG, GB} ENF={BB}

0 Pr|F] = Z’ Prl[ENF] =

Pr|ENF
-2l
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JUr S e 2

o W E M F ZFAZR § I EA,
Pr[E] # 0, Pr[F] # 0, |

Pr[E|F] Pr|F]
Pr|E]
Pr[E|F] Pr|F]
Pr[E|F] Pr[F]+Pr[E|F]Pr[F]

Pr[F | E] =




B % % ¥ B e
NMHire l#ES

o HHE&MMEERE L
Pr[F | E]Pr[E]
= Pr[E N F] =

= Pr[F N E]
Pr[E | F]Pr[F]
PriE] = Pr[(ENF) U (E U F)]

= Pr[(E N F)] + Pr[(E N F)]

= Pr[E | F] Pr[F] + Pr[E | F] Pr[F]
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DUrr S e #
o —UBH UL
o Pr{A] /& A HISERMEER . 2 FFLLR S0 2

5 JEAEAT B J7 IR R

o Pr
o Pr

o Pr[B

constant) .

A

A | Bl &CH B KA A EM R B G I BEZE
B | A] &0 A KEJG B AR E IR
] /2 B e MEZR, WAEFRHE T = (normalizing

NEA
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D3 2 B R N H

o BRAH—MFEILKEW, 100,000\ HHLASE
X . W NAS T e, RN R A
99%; WA ANEA 1T, Aol A %08 99.5%.
O PR RN R B, SR R £ K2
O SRR R I, B AR R 2 K2

. WD B NI IS, B pomfaill 2 BH L
. FEFE Pr[D | E], Pr[D | E] -

iml
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e ErIMA (22)

e Pr[D] = 1001000 = 0.00001, Pr[D] = 1 — Pr[D] = 0.99999
e Pr[E | D] =0.99, Pr[E | D] = 0.01,

Pr[E | D] =0.005, Pr[E | D] = 0.995
PI‘[D | E] _ Pr[E|D] Pr[D]

Pr[E|D] Pr[D]+Pr[E|D]Pr[D]
0.99x0.00001
0.99%x0.00001+4+0.005%0.99999

~ (0.002

NG Rt/ ?

2%, BADKED!
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MHEredER N (82

Pr[E|D] Pr[D]
Pr[E|D] Pr[D]+Pr[E|D]Pr|[D]
. 0.995X%X0.99999
~0.995x0.99999+0.01x0.00001

~ (0.9999999

Pr[D | E] =

Pr[D|E]=1-Pr[D|E]=0.0000001

2, =EE!
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26

o HACRER, FeU3ETHRKMBNXL T HATHR

B R SRR 43 30 =2

0 AR : HE(0.3), AX (0.1), EEk(0.4), €HL(0.2)
0 B ARER: BE%(0.3), A% (0.15), B#k(0.05), €#H1(0.5)

S MARE T, AR

N

KB A Pl e R B R ?

e fi#: AHZ, BAZK, CEEL, DML, BB
2 p(A)=0.3, p(B)=0.1, p(C)=0.4, p(D)=0.2;
= p(E|A)=0.3, p(E|B)=0.15, p(E|C)=0.05, p(E|D)=0.5;
= 3Rp(A[E), p(B|E), p(C|E), p(DIE)H HITKH -




REERE
TEARZ R PIRA

P(ETA)p(A)

P(A[E) =
P(E[A)p(A)+ p(E|B)p(B)+ p(E[C)p(C)+ p(E|D)p(D)

0(A|E)=90/225=2/5, p(B|E)=15/225=1/15, p(C|E)=20/225=4/45,
0(D|E)=100/225=4/9

IR IR AT RER EL !
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T Spamid JE 2%
o WA E — ™ F T HB & Spam?

O BREBRATE — BRI RS

A B F— A 253K TR

HEEG. AN W@?ﬁiﬂ'&%?ﬁm—/\%‘fﬂ‘] FEL T R R

Spam HIMEER

o EE—/MEERHEEwW, BFEB FIGH

7l ng (W) HIng(w).

. &SerIB#F?%ISpamH'J

2. FmEUEHE p(SIE),

M, ERERF B S

i ZALHp(E|S) F p(E|S)

P IR B 53

LR WHY
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T Spamid JE 2%

([
P(E | S)= p(w) =ng(w)/|B|
p(E| S) =q(w) = ng(W)/[G]

p(E|S)p(S)
p(E|S)p(S) + p(E|S)p(S)

p(S|E) =

R p(S) = 1%
B IR AR SR p(S|E) = p(E|S)

p(E|S) + p(E|S)

AHRNTRERANEKE, NP NESpam
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T Spamid JE 2%

245]: “Rolex” 7E 2000 £ hi 3% MBI 250 N H I, THAE
10003 LK BB R G o3t B & XA it —% &
B “Rolex” )75 B & SpamFIME . iU HI7E B 2 Spam
A RSpama2F A gEl] . BRRIE—2%H BAENSpamiiE
LI RMECN0.9, FARMIN ZIELIXKHEE?

f#: p(Rolex) = 250/2000 =0.125, g(Rolex) = 5/1000 = 0.005.

p(Rolex) 0.125 0.125

= = ~ 0.962
(Rolex) + q(Rolex)  0.1254.005  0.125 + .005

r(Rolex) =
( ) p

Y¥EH “Rolex” WIHEEASpam, HIELXMHEE.
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A H Ja] B
e« 367 AFZ2/DF2ANEHMF.

« N7 FR2D2 NHF ML H IR KT 12

fR: BeRETRERREWRER, MEMLEK), —FF
366 K. p,: nNMAREHBEAHFBERER.
pr=1
' p, = (365/366)(364/366) - (367 —n)/366. n=2,..366
' 1—p, = 1—(365/366)(364/366) - (367 —n) /366
' 1—p,, = 0.457,1—p,, = 0.506.

A




R EENE

S E% (Monte Carlo) Hyk

o BRFVA: £ P EE PEEIGERERNEE

o RRFREHIE: AR

=]

B A 7 7] i RS YR

C—RAR, FNMUMRAERN “’” BE RV
REZEGHR, REISGRN “E” .
RER—RIPRETR, BENMRSERAER “R7”

ImEE—AH K

NFEZRH “1R” .
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SN RIREER—6T

« HE “nBEHE? 7 (EHHIMERN)
o FEALIEEIERE S 1 <b<n, SLHEPADANEKKEMNR, MR
MRR CREAnLRAEED , RE “E” . RETW
 EBER EREEKR, HRRERE “Rm” , WERE “R” .
1 S ECEKEI IR KRN T /4.
AN E BRI KIOR BT (bREVL) FIAEZR /N T (1/4)
k=10, REFIRER/NTF1/106,




RE SR

1 (B kb)) : &

ATEZR, AMIREZE

Bz, BIREHE—EERTEIEE—)EZ.
MREN=ELZ, tIm=

BE—1; IRENZ

5-%'—!{54, EJETE}_::T 1E§12_
%, PBLEZHEBKETE, X
0] ?

_WVT[

EE

L IZ BB R B
COE R R bE




RE SR

s 52 EEMFIR S EREERN205 A _EBIBEER
790.8, JERI25FIAERIEEER 90.4; [A)IF20%5 HY
XY, EREERIZSS U ERIBREZD?

O M XEMB ={TUEF20F L), FHA
{FTTAEF|255F X L}, A%, P(A) =04, P(B) =
08, ACBH¥HBE LA L, ¥REFHFMENKX,

P(AB) _ P(A) .
P(B) P(B)

A: P(A|B) = 0.5
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RE SR

s B3 (FHERA) - —IHEEHNEIKEFERT, 5
MRKRTFEG FFE—kAHF. KAREEEL, R
FHMER FARMR, SskEIHRMRH, RE—
sk FEE “A17%F" , HEHFAHRE. BE1]
FAE—RC RS, 115/\)\17[€/MEEHR BAWEZR

IRA, REBEREEEE. A3 451718 »

“BANDEMEE | RERLFLEE, |7
HEA T, RMEOA || BAAFE, REHG |
REMGAMS KR! 7 | MeM—HX!




R (B FABESN) © BARTEH “FiINMAFHIIAN
% (i=12,--,5) "
B —AAR: BHKA: P(4) =1/5, P(4)) =4/5;

O

O

FoAMMER: BT EIAMNTS5E0E LRGN NEE, & 24T,
LR AFME “BIAKRRT , My RERE, FHA, =44,,
oy AR R 4% P(A,) = P(A)P(A,|47) :%-%: 1/5;

FEAMER: Bl 2ARBEY KFn, ME LMY, LABREAH

¥ RAh b, BpA; = AjACAs, HEHEAKX: P(43) =
— 4 3 1

P(A1)P(A;|A1)P(A5l4147) = a3 1/5;

AR B AT MR A1/5, R EAT A a A4 A
P ABLE SR LK, R T A AR 6 B
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B

o B X: FAE M F A EIILA Y HAY Y
Pr[E N F] = Pr[E] - Pr[F]

#l: —MNMEMWIZ K ER UFEIE (BB, GG, BG,GB),
BRI EEREN . S ELM N Z TR EAE NN SH
%, 5 F 2NN nxREe2CHE —1 5 . 54
E M F &S5

3

f#: PrlE] =2 Pr[F] =2, PrlENF] =2

Pr(E] - Pr[F] = 116 * % = Pr[E N F]

WE A1 F A2 A0 B ST
T




B W

FEHAE &

o —PNENARE X & E B EFEARTS
6] S [ ERIZY
o HAEE (codomain) rl M EAES &S, (HiE
HUSEEUEER. B: X: S - R

O— NI ELE TR, EREAE L E,
WA ZFEALITT
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BEMLRR R (48

o 250 BB TR 3 IR, @ X(t) e kRAESS
Rt P IR AR ABENLIAS & X () BUEDN T
2 X(HHH) = 3, X(TTT) =0,
% X(HHT) = X(HTH) = X(THH) = 2,
2 X(TTH) = X(THT) = X(HTT) = 1.

0 8 Fihish B — A LA 18, BRI, X ()
(WEZR) o A1

PriX =3] =, Pr[X = 2] =
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L= il

o B X AR S ERFENLAR &, XI5
A (r, PriX = r)B) e &5, HAF
reX(S),PriX=rlE XHUENT 3’]1‘%1




% i % ¥ : B

e A1 3 & - AR R AR O %1 1

. ﬁnﬁ?lJuM)BZEEME/\%E [ BEARGFAIE ?
P17 BB ?

0 UM I 2
o B R

O PP BUE AR, R

o




JHEE

I :E XT“EXT MEARZTXE] S I — 8
MlIA = X, HEAE{E N
0 W‘E}Eiﬁﬂﬂﬁﬁ SEATLAR BT E HUE

Ex[X] = z X(w)Pr[w
X(w) — Ex[X] PR AN X 1F w AbHI1ZE (deviation)




B % % ¥ B e
SHEEREEITHE

o . RYT—AET TS S BT EHEEE
E [X] —1.1+l.2+l.3+1.4+1.5+l.6—E—Z
A =g 6 6 6 6 6 ° 6 2
o . PI=AEM, SRSLEA BAE AN SR BHEEE
Ex[X] = % [X(HHH) + X(HHT) + X(HTH) + X(HTT) +
X(THH) + X(THT) + X(TTH) + X(TTT)]

1 3
=cB+2+2+2+1+14+1+40) =




B % % ¥ B e
SHEEREEITHE

IE j??)ﬁ*ﬁ\%&?ﬁﬁﬁa SEACHEEE  GUPEEE

LT EIPRER VO R N OE ENES
*x 376 2765 6

49

1
6 120

Ex|X] # Ex E{]
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Bll: SRITHANBT TR RBC AR EE

Pr|X =2 =Pr:X=12:=£
Pr[X =3] =Pr[X = 11] = —
18
Pr(X = 4 =PrX=10:=%
Pr[X =5 =Pr:X=9]=%
Pr[X = 6] = Pr[X = 8] = >
36
PriX =7] ==
- 6

I 1 I I 5 1
Ex[X]=2. — 43. — 4 4. — 45.—46.47.-
X[ X|=2- 543 o +4- 45 5 +6 547 ¢

+ 8 5—|-9 1—|—10 1—|—11 1—|—12 :
36 9 12 18 36

=1.
B 2 0
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SHEEE HI S E X

o« EH: X THEERENLAZER

Ex|R] = z x - Pr[R = x]
x€range(R)

Proof. Suppose R is defined on a sample space §. Then,

Ex[R] := ) _ R(w) Pr{w]

wW€ES

= > Y R(w)Prlw]

xe€range(R) we[R=x]

Z Z x Pr[w] (def of the event [R = Xx])
xe€range(R) we[R=x]

= Z X ( Z Pr[a)]) (factoring x from the inner sum)

x€range(R) w€[R=x]

> x-Pr[R=x]. (def of Pr[R = x])
x€range(R)
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FHHE

o« X5E—/NHENIAR R, RIECHNEAEASAE
TIHASEE R REAP S 1 BUE %
IS SSLIER

EX[R|A]=z r-Pr[R =r | A]
rerange(R)

Bl CR— DR RN T AR, BRI
) R B R IRE E R 2 D7

6
Ex[R|R>4]=) iPr[R=i| R > 4]
i=1
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LLaw of Total Expectation

Theorem 18.4.5 (Law of Total Expectation). Let R be a random variable on a
sample space S, and suppose that Ay, A,, ..., is a partition of S. Then

Ex[R] = ZEX[R | A;] Pr[A;].

Proof.
Ex[R] = Z r-Pr[R = r] (by 18.3)
r €range(R)
=Y r-Y Pr[R=r| A;i]Pr[4;] (Law of Total Probability)
r i
= Z E r-Pr :R =r | A,-: Pr[A;] (distribute constant r)
rooi

- Z Z r-Pr[R =r | A;]Pr[A;]  (exchange order of summation)
i

- ZPr[A,-] Z r-Pr[R=r| Ai] (factor constant Pr[A4;])
i r

= Z Pr[A;] Ex[R | A;]. (Def 18.4.4 of cond. expectation)
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Mean Time to Failure

« A computer program crashes at the end of each hour of use
with probability p, if it has not crashed already. What is the
expected time until the program crashes?

« Ex[C]: C isthe number of hours until the first crash
A: the event that the system fails on the first step
A: to be the complementary event
Ex[C] = Ex[C|A]Pr[A] + Ex[C|A]Pr[A]
Ex[C|A] =1

Ex[C|A] = 1 + Ex[C]

« Ex|[C]

1
p




REENEE
I B 2R PR

e B, XMTHATE § FH—4HEEHIRENIZ E
X, (=12..,n) FMEEEE ab, A
0 Ex[X; + X, + -+ X, | = Ex[X;] + Ex[X,] + -+ Ex[X,,]

9 Ex|aX + b] = aEx[X] + b

O Bid e el &, IS R A e A
HEESETHF T R EE S E -
F EEHASE E 2 L, B 7/2 + 7/2 = 7 .
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#il: Expected Value in the Hatcheck Problem

o GoTEAFIE T RIS ZESEIE FHRaL 1, AR
FEAIL AL o TR Atk A LU ER A XS JLAS 7

S AX= 1B AN EAESIIIE T, S0 = 1.
X:X1 +X2+"'+X

1
n
n-

Ex|X] = Ex|X;] + Ex|X;] + -+ Ex[X,,] = % 1
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BOLFEPIAR &

o FEARSTR] § ERRENLIARE X MY FHime
Pr[ X =r,HY =nr,] =Pr|X =r]:Pr[Y =n,], NFREA]

FH B ST
Sl AT, BT AR AT AR
B R ?

o Bl IIRAECT, BT RS NIRRT R
A B AL?

o X[THREARTE § FMIIHIBENIARE X MY f
Ex|XY] = Ex|X]Ex|Y]
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BOLFEPIAR &

NFFEAZR S | Exn= Y ropxy=r
MSLHIBENLAR & X reXv(®

%H Y ﬁ‘ = Z rirp - p(X =rpandY =)

rieX(S),neY(S)

E(XY) — E(X)E(Y) = Z Z riry - p(X =rpandY =ry)

reX(S) rneY(S)

= > Y nn-pX=r)-pl¥ =nr)

reX(S) rne¥(S)

= Y (n-pX=r)- Y rnop¥=n)

rieX(S) rneY(S)
= Y ri-p(X=r) EQY)
rieX(S)
=EY)( ) r-pX=r))
rieX(S)

— E(Y)E(X)




T2

e RTINS LAJRALE = X 49 7 £ (variance),
e V(X)) , & 3LH

V(X) =) (X(s) — E(X))*p(s)

ses

O HERT XS AR E KT 6 e AT .
0 JV(X) BN X B4R 4 £ (standard deviation), 24 o(X) .




T2

o EHL: FEARZTR S EHIBENIAE X W7 £
V(X) = E(X?) — E(X)?

o ﬁEEﬁ
V(X) =) (X(s) — E(X))*p(s)

seS

=) X©)’p(s) =2E(X) ) X()p(s) + EX)* Y p(s)

seS ses ses

= E(X?) —2E(X)E(X) + E(X)?
— E(X?) — E(X)°.
B 0




T2

o Bl JiI— ey AT

V(X) = E(X%) — E(X)?
2

1 7
=g(12+22+32+42+52+62)—(§)
35
T 12
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Bienaymé’s formula

o ST HFEARZSA] S FIMSIRIBENLA &= X 1Y
G

VX +Y)=V(X)+ V()

JEETHET ZEn A T B AL

VX, + Xy + -+ X))
= V(X)) + V(X)) + - + V(X))




REERES

Bienaymé’s formula

o W RIINAELT B M T E
DT A AT S BENLAR
A ST ] {dE B Bienaymén 1.

35 35
VX)) =VX{+X,) =V(X) +V(Xy) = e + T
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PIHEH RASFEZ Chebyshev’s Inequality

.

o XTFREASE S FEENIAR & X AT E R L
SEHr A

p(X(s) —EMX)|[ =271) <

V(X)
12
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MV E RAFNHEITHRMAEE

o . EIIEW BMHERANSEZI M T B 4ifnE B 1-F1ME
727300, FRiEZERT00. WA HYILE RAER G HEEZ
T I3 2 40 B B2 5200-9400 2 8] [ 2

o . WXFT/REEH M B4, N

E(X) = 7300, V(X) =0% =700
1M p(5200 < X <9400) = p(|X — 7300| < 2100)
=1—-p(|X —7300| = 2100)
700%
21002 9

# p(5200 < X < 9400) = =

| =

W p(]X — 7300 = 2100) <
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o DLURAE Al




